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Abstract. We show that for any type IIIi free Araki- Woods factor 
A4 — T{HR,Ut)" , the bicentralizer of the free quasi-free state ifu is 
trivial. Using Haagerup's Theorem, it foUows that there always exists a 
faithful normal state tp on M such that {M"^)' n = C. 



1. Introduction 

Let be a separable type IIIi factor and let iphe a. faithful normal state 
on ^A. For any x,y G M., set [x, y] = xy — yx and [x, if] = xip — ipx. The 
asymptotic centralizer of ip is defined by 

AC(^) := {{xn) G £°^{N,M) : \\[xn,p]\\ ^ 0}. 

Note that AC{p) is a unital C*-subalgebra oi £^(N,M). The bicentralizer 
of ip is defined by 

AB{ip) := {a e M : [a,x„] ultrastrongly, V(x„) G AC{(p)}. 

It is well-known that AB(ip) is a von Neumann subalgebra of Ai, globally 
invariant under the modular group (erf). Moreover, AB{ip) C (M^)' D 
Ai. If AB((^) = C, it follows from Connes-St0rmer Transitivity Theorem 
([3]), that AB('0) = C for any faithful normal state ip on M. We shall 
say in this case that A4 has trivial bicentralizer. Connes conjectured that 
any separable type IIIi factor should have trivial bicentralizer. If there 
exists a faithful normal state (p on A4 such that (M^)' n = C, then 
Ai has trivial bicentralizer. Haagerup proved in ^ that the converse holds 
true. Haagerup's Theorem lead to the uniqueness of the amenable type IIIi 
factor (see [2]). The following type IIIi factors are known to have trivial 
bicentralizer: 

(1) The unique amenable IIIi factor (Haagerup, [7J). 

(2) Full factors that have almost periodic states (Connes, [4]). 

(3) Free products (M.i,pi) * {M.2,P2) such that the centralizers Alf* 
have enough unitaries (Barnett, 

In this paper, we show that the bicentralizer is trivial for a large class 
of type nil factors, namely the free Araki-Woods factors of Shlyakhtenko 
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([14J). We briefly recall the construction here, see Section [2] for more de- 
tails. To each real separable Hilbert space Hn together with an orthogonal 
representation (Ut) of R on Hn, one can associate a von Neumann algebra 
denoted by T(Hii, Ut)" , called the free Araki- Woods von Neumann algebra. 
This is the free analog of the factors coming from the CAR relations. The 
von Neumann algebra T{Hii, Ut)" comes equipped with a unique free quasi- 
free state denoted by ipu, which is always normal and faithful on T(H^, Ut)" ■ 
If dimi^R > 2, then T{H^, Ut)" is a full factor. It is of type IIIi when {Ut) 
is non-periodic and non-trivial. If the representation [Ut) is almost periodic, 
then ipu is an almost periodic state and it follows from [14j that the relative 
commutant of the centralizer of the free quasi-free state is trivial, i.e. if 
M := r(iJR,f/t)", then [M^P^y <r^M = C. In the almost periodic case, 
results of [6] yield TW^^ ~ ^^(Foo). 

When the representation [Ut) has no eigenvectors (e.g. Ut = Xt, the 
left regular representation of R on L^(R, R)), then the centralizer A4'^^ is 
trivial. It was unknown in general whether or not T{H^, Ut)" had trivial 
bicentralizer. Even though the centralizer of the free quasi-free state ipu 
may be trivial, we will show that the bicentralizer of ipjj is always trivial. 
The main result of this paper is the following: 

Theorem. Let A4 := T{H^, Ut)" be a free Araki- Woods factor of type IIIi. 
Denote by ipjj the free quasi-free state. Then A^{ipu) = C. Consequently, 
there always exists a faithful normal state t/j on Ai such that {Ai''^')'nA4 = C. 

Acknowledgements. Part of this work was done while the author was 
visiting the University of Tokyo. He gratefully thanks Professors Y. Kawahi- 
gashi and N. Ozawa for their kind invitation. 

2. Preliminaries 

2.1. Preliminaries on Spectral Analysis. We shall need a few defini- 
tions and results from the spectral theory of abelian automorphism groups. 
Let (at) be an ultraweakly continuous one-parameter automorphism group 
on a von Neumann algebra A4. For / G i^(R) and x G A4, set 

/ + 00 
f{t)at{x) dt. 
-oo 

The a-spectrum Spq,(x) of x G 7W is defined as the set of characters 7 € R 
for which 7(7) = 0, for all / G -^^"'^(R) satisfying a/(x) = 0. We shall identify 
R with R in the usual way, such that 

/+00 
e*^*/(t)^^t,V7GR,V/GLi(R). 
'OO 

For 2: G C, denote by ^[z) its imaginary part. 



FREE ARAKI-WOODS FACTORS, BICENTRALIZER PROBLEM 3 

Lemma 2.1 ([7J). Let Ai and (at) be as above. Let x (z Ai and 6 > 0. 

Lf the function t i— > at{x) can be extended to an entire (analytic) M-valued 
function such that 

\\a,{x)\\ < Ce^l^(^)l,Vz e C, 
for some constant C > 0, then Sp^{x) C [—5,5]- 

Let (/J be a f.n. state on a von Neumann algebra M. Denote by {crf) 
the modular group on M. of the state cp. Denote by L'^{M., (p) the L^-space 
associated with ip and by the canonical cyclic separating vector. We shall 
write ||x|j^ = for any x € AA.. On bounded subsets of AA., the 

topology given by the norm || • ||^ coincides with the strong-operator topology. 
Recall that 5^ : x^<^ i— > x*£_^ is a closable (densely defined) operator on 

L'^{Ai,<p). Denote by S^p its closure and write 5^ = J^p/^J"^ for its polar 
decomposition. Note that L'^{A\,'p) is naturally endowed with an Ai-A4 
bimodule structure defined as follows: 

X ■ ^ := 

e-x := J^x*J^^,yx £ M,y^ £ L'^{M,^). 

We shall simply denote x ■ and ■ x by and ^x. The next lemma is 
well-known, but we give a proof for the reader's convenience. 

Lemma 2.2. Let Ai and ip be as above. Let x £ Ai and < (5 < 1. Assume 
that Spo-<p(x) C [—(5,5]. Then \\x£,^p — £,px\\ < 5||x||^. 

Proof Let X G 7W and < S <1 such that Sp^,^(x) C [-6, 6]. Let / e L^(R) 
for which the Fourier tranform / vanishes on [—(5,(5]. Since Sp^<p {a'j (x)) C 

Sp^^{x) n support(/) = (see [5j), it follows that cr'j{x) = 0. We have 

/ + 00 
f{t)A^x^^dt 
-oo 

/ + 00 
fit)atix)C^dt 
-oo 

= o-J(x)C^ 
= 0. 

Thus, by approximating 1r\[_5^5] by such functions /, we get 

lR\[-5,5](logA^)x^<^ = 0, 

i.e. x^^ is in the spectral subspace of log corresponding to the interval 
[—5,(5]. Notice that 

(^x — JpX Jp^p — J(pX ^p — JipSipX^ip — '^C^' 

Clearly, sup{|e*/^ — 1[ : t G [—(5,(5]} = e*^/^ — 1. Moreover, the operator 

1/2 

(1 — Aip (log A,p) is bounded and precisely 

||(l-Ay2)ij_,^,j(logA^)||<e^/2-l<5, 
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since < 6 < 1. Thus, we get 

\H^-^^x\\ = ii(i-Ay2)^^^|| 

= \\{l-Al/^)l[_s,s]i^ogA^)x^J 
< ||(l-Ay2)i[_,^,j(iogA^)||||xe^| 



< S\\x\ 



□ 

Lemma 2.3 ([7]). Let M and ip he as above. Let G i'^(N,M). Then 
lim ||XnCa> - ^inXnW = <;=^ lim \\xn(p - ifXnW = 0- 



n 



2.2. Preliminaries on Shlyakhtenko's Free Araki- Woods Factors. 

Recall now the construction of the free Araki- Woods factors due to Shlyakht- 
enko ([13]). Let Hn be a real separable Hilbert space and let (Ut) be an 
orthogonal representation of R on Hn. Let H = Hn C be the com- 
plexified Hilbert space. Let J be the canonical anti-unitary involution on H 
defined by: 

+ ir/) = ^ - ir], V^, T] G Hr. 

If A is the infinitesimal generator of (Ut) on H, we recall that j : Hn H 
defined by = Y^'^C is an isometric embedding of Hb. into H. 

Moreover JAJ = A'^ and JA** = A^Kj, for every t G R. Let = j{H-R). 
It is easy to see that i^R n ii^R = {0} and + iK-^i is dense in H . 
Write T = JA^^/^^ ^hen T is an anti-linear closed invertible operator on 
H satisfying T = T^^. Such an operator is called an involution on H. 
Moreover, i^R = g dom(T) : = ^}. 
We introduce the full Fock space of H: 

CXD 

n=l 

The unit vector ^1 is called the vacuum vector. For any ^ G -ff, define the 
left creation operator 



We have = and £(^) is an isometry if ||^|| = 1. For any ^ G iJ, 

we denote by s(.^) the real part of given by 

The crucial result of Voiculescu [TB] claims that the distribution of the op- 
erator s(^) with respect to the vacuum vector state ip{x) = {xQ,Q) is the 
semicircular law of Wigner supported on the interval [— 
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Definition 2.4 (Shlyakhtenko, [.14J). Let (Ut) be an orthogonal representa- 
tion of R on the real Hilbert space Hn. The free Araki- Woods von Neumann 
algebra associated with {Hn, Ut), denoted by T{Hii, Ut)" , is defined by 

riHn,Ut)" ■.= {s{():(eKn}". 

The vector state fui^) = {xil.,il.) is called the free quasi-free state and is 
faithful on r(i/R, Ut)" ■ Let ^, ?7 G -R'r and write C = C + ^V- We have 

2s{0 + 2is{ri)=£{C)+£{TC)*. 

Thus, T{Hji, Ut)" is generated as a von Neumann algebra by the operators 
of the form i(Q + iiTQ* where C € dom(T). Note that the modular group 
{(Jt^) of the free quasi-free state ipu is given by = Ad{!F{Ut))-, where 
J^{Ut) = ide0„>i ^f"- III particular, it satisfies 

^7^^ m) + i{TO*) = e{UtO+KTUtO*yc e dom(r),Vt G r. 

The free Araki- Woods factors provided many new examples of full factors 
of type III [H [5l Hlj . We can summarize the general properties of the free 
Araki- Woods factors in the following theorem (see also [15]): 

Theorem 2.5 (Shlyakhtenko, [IH [IS [IS [H] ) . Let {Ut) be an orthogonal 
representation o/R on the real Hilbert space Hji with dimHji > 2. Denote 
by M:=T{H^,Ut)". 

(1) A4 is a full factor and Connes' invariant t{A4) is the weakest topol- 
ogy on R that makes the map t ^ Ut strongly continuous. 

(2) is of type IIi iff Ut = id, for every t G R. 

(3) A4 is of type (0 < A < 1) iff {Ut) is periodic of period y^\\- 

(4) M. is of type IIIi in the other cases. 

(5) The factor A4 has almost periodic states iff {Ut) is almost periodic. 
Let = R2 and < A < 1. Let 

, . A _ /cos(tlogA) -sin(tlogA)\ 

^' * Vsin(tlogA) cos(tlogA)y- 

Notation 2.6 (^). Denote by {Tx,(px) := {T{Hn,Ut)" ,(pu) where = 
R^ and {Ut) is given by Equation ([I]). 

Using a powerful tool called the matricial model, Shlyakhtenko was able 
to prove the following isomorphism 

{Tx,^x)^{B{f{N)),^x)*{L^[-hl],l^), 

where ipx{eij) = 6ijX^{l — A), i,j G N, and /x is a non-atomic measure on 
[—1,1]. The notation = means a state-preserving isomorphism. He also 
proved that {Tx,^px) has the free absorption property, namely, 

{Tx,vx)*L{F^)^{Tx,^x)- 
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3. The Main Result 

3.1. Technical Lemmas. As we said before, the centralize! of the free 
quasi-free state may be trivial; this is the case for instance when the or- 
thogonal representation (Ut) on Hn has no eigenvectors. Nevertheless, the 
following lemma shows that for any free Araki- Woods von Neumann alge- 
bra, there exists a non-trivial sequence of unitaries (u„) in the asymptotic 
centralizer of the free quasi- free state ipu- 

Lemma 3.1 (Vaes, [E]). Let M. := T{H-£i, Ut)" be a free Araki-Woods von 
Neumann algebra. Denote by ip the free quasi-free state and by (at) the 
modular group of the state ip. Then there exists a sequence of unitaries 
in M entire (analytic) w.r.t. (at) such that 

(1) \\o-z{un) — Un\\ Uniformly on compact sets of C; 

(2) ifiun) ^ 0; 

(3) (n„) G AC(v9). 

Proof. This lemma, with the exception of item (3), is Vaes' result (see 
Lemma 4.3 in [E]). Item (3) was not observed by Vaes but is immediate 
from the construction using Lemmas 12.11 12.21 12.31 □ 

The following lemma is a generalization of Barnett's lemma (see [l]) which 
was itself a generalization of Murray & von Neumann's 14e lemma. 

Lemma 3.2 (Vaes, p^). For i = 1,2, let {A4i,(pi) be a von Neumann 
algebra endowed with a f.n. state. Denote by {M., ip) = (A^i, 9^1) * {M.2, 'P2) 
the free product. Let a € Mi, b,c (z M2. Assume that a,b,c belong to the 
domain of a"^^^ . Then, for every x £ M., 

\\x - (p{x)l\\^ < f (a, 6, c) max {II [x, a] 11,^, || [a;, 6] ||<^, || [x, c] ||<^} + j^(a, 6, c)||x||<p 
where 

£ia,b,c) = 6||af + 4||6f + 4||cf 
J^{a,b,c) = 3C(a) + 2C(&) + 2C(c) + 12|(^(c6*)|||c6*|| 
C{a) = 2\\a\f\\af^^{a)-a\\+2\\af\\a*a-l\\ 

+3(1 + ||af )||aa* - 1|| + 6|99(a)|||a||. 

3.2. Proof of the Theorem. Let M := T{Hn, Ut)" be a free Araki-Woods 
factor of type IIIi and denote by ip the free quasi-free state. We recall that 
such a factor can always be written as the free product of three free Araki- 
Woods von Neumann algebras (see the proof of Theorem 2.7 in |15]): 

{M, ip) ^ {Mi,<pi) * {M2, ip2) * {M3, (P3). 

Notice that af = af' * af^ * af',yt G R. 

Thanks to Lemma l3. 11 we may choose three sequences of unitaries (un), 
for j G {1, 2, 3}, such that ui, G U{A4j) is analytic w.r.t. {(jf^), and satisfies 
conditions (1) — (3) of Lemma [3T| for all j G {1, 2, 3}. The way the sequence 
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of unitaries (un) is constructed in Lemma [3. II (see Lemma 4.3 in [15]) shows 
that conditions (1) — (3) are satisfied for the state ip, i.e. the sequence of 
unitaries (un) in A4j satisfies for every j G {1,2,3}, 

(1) \\crf{un) — uiiW 0, uniformly on compact sets of C; 

(2) ^(ui) ^ 0; 

(3) II K,^'] II ^0. 

Moreover, by freeness, 99(n^(u^)*) = (p{u'}^)ip{u'^) 0. 

Assume a S AB{ip). Fix e > 0. Since (un) € AC{ip), it follows that 
[a, u:^] —f ultrastrongly for any j £ {1,2,3}, and thus we may choose 
n € N large enough such that 

||[a,<]||^ < e/28,Vj G {1,2,3}, 
J^{ui,ul,ul)\\a\\^ < e/2. 

Thus, we get thanks to Lemma [3^ ||a — V3(a)l||(^ < e/2 + e/2 = e. Since 
e > is arbitrary, a = ip{a)l. Thus AB{{p) = C and we are done. 

3.3. Final Remark. Set M := T{L'^(R, R), At)" the free Araki- Woods fac- 
tor associated with the left regular representation (A^) of R on the real 
Hilbert space L^(R, R). Shlyakhtenko showed in |;13J that the continuous 
core of A4 is isomorphic to L(Foo) B(^^) and the dual action is precisely 
the one constructed by Radulescu in [9]. As noticed in [1^, for any f.n. 
state (p on M, the centralizer is amenable. Indeed, first we have 

(2) 7W >^^^R~L(Foo)«)B(£2). 

Choose on the left hand-side of (l2|) a non-zero projection p G L(IV) such that 
Tr(p) < +00. We know that p(A4 xi^v R)p — L(Foo) is solid by Ozawa's 
result ([1]). Since L(R)p is diffuse in p{A4 xi^-'p R)p, its relative commutant 
must be amenable. In particular M'^ ^ L(R)p is amenable. Thus, M'^ is 
amenable. Consequently, we obtain 

Corollary 3.3. Let M := r(L2(R, R), A*)". Then there exists a f.n. state 
Ip on Ai such that (Ai^)' H M = C Moreover, Ai"^ is isomorphic to the 
unique hyperfinite IIi factor. 
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